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This article summarisesthe syntaxandmathematicalsemanticsof the temporalfragmentof
thee language.This fragmentof e is essentiallya linear time temporallogic interpretedover
sequencesof programstates.The following is not intendedasan introductionto Specman’s
temporallanguagebut, rather, to serve asthedefinitionof thelanguagedescribedin therefer-
encemanuals,andasthestartingpoint for futuredevelopmentsto thelanguage.

1 Intr oduction

The e languagehasevolved to meetthe functionalverificationrequirementsof the
buildersof moderndigital electronicdevicessuchasprocessorcores,DSPs,micro-
controllers,memoryinterfaces,andsoon. An e verificationprogram is mostoftena
modelof theenvironmentin whichsuchdevicesareintendedto operate.A verification
programmayincludemoreor lessdetailedmodelsof thehardwareundertest,andof
thehardware/softwaredeviceswith which it communicates.Thee languagetherefore
providesfacilitiesfor modellingboththedataprocessedby suchcomponents,aswell
asthecommunicationsthroughwhich they interact.

Thee languageis well suitedto modellingdata:it is anobject-orientedprogramming
languagethat combinesimperative featuresfor capturingsequentialandconcurrent
algorithms,declarative featuresfor expressingconstraintsoverdata,andaflexible ex-
tensionmechanismthatsupportsrapidprototyping.Thesefeaturescombinein e with
a powerful constraint-basedrandomgenerationenginefor highly effective, dynamic
creationof stimuli for thedeviceundertest.

For modellingcommunicationprotocols,andtheorchestrationof concurrentactivities
within a model,e providesprimitivesfor spawning, forking and joining concurrent
threadsof execution.Synchronisationbetweenthreadsis achievedvia eventsthatare
broadcastsothatthey aresimultaneouslyvisible throughouttheprogram.Eventsin e
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carrynodata,but communicationbetweenthreadscanbeachievedvia sharedvariables
protected,whennecessary, by semaphores.

Eventsin ane verificationprogramtypically representoutputsfrom thehardwarede-
vice undertest;they mayalsorepresentinterestingscenariossuchastherulesspeci-
fying communicationsprotocols.In orderto declaresuchrules,eitherfor implemen-
tation or verificationpurposes,e providesa numberof temporal operators for com-
bining eventsinto complex temporalexpressions.This sublanguage,calledtemporal
e, is a linear temporallogic reminiscentof Choppy Logic [4] andRegular Temporal
Logic [2], thathasanaturalsyntaxfor expressingcomplex sequencesof events.

Sincethetemporallanguageis centralto ourunderstandingof concurrentcomputation
in e, andsincethis languageenablesformal verificationof e andHDL models,it is
thepurposeof this article to give temporale a rigorousmathematicalsemantics.We
begin in Section2 with a brief introductionto the main constructsof the language
(theintendedsemanticsof thebasicoperators),andsomeillustrationsof thecontexts
in which they aretypically employed. Thedenotational(or logical) semanticsof the
languagearegraduallydevelopedthroughSection3, which alsointroducesthe very
minimalmathematicalconceptsrequired,andSection4. Thefinal Section5 concludes
with a summaryand somediscussionof the expressivenessand complexity issues
raisedby theformalsemantics.

2 Intr oducing temporal e

To convey someof theintendedsemanticsit is prudentto begin with anillustrationof
thecontexts in which temporalexpressionsarise. Theexamplesin Section2.1 show
temporalexpressionsusedto defineevents,temporalproperties,and actionsin the
body of processesimplementingreactive behaviour. Abstractsyntaxis discussedin
Section2.2.

2.1 Temporal contexts

2.1.1 Event definitions

Thefirst of thesetemporalcontexts is theeventdefinition. For examplethedeclaration

event ready is
� � �
@reset; [3] � � � @clock

statesthat theeventready will occurthree‘clock cycles’ aftera reset. Theclock
event hereis referredto asa samplingevent, and the term in bracesis a sequence.
Thefirst termof thesequenceis just theoccurrenceof theeventreset (sampled,in
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this example,by the clock event); the secondterm,[3], abbreviatesa sequenceof
threeclock events.To a closeapproximationtheevaluationof this sequencebegins
with theoccurrenceof areset event,andterminatessuccessfully, or succeeds, on the
fourthclock thereafter.

2.1.2 Expectdeclarations

The secondcontext in which temporalexpressionsplay a crucial role is in the dec-
larationof temporalproperties.Thesemay be assertionsaboutthe behaviour of the
programin which they reside,or assumptionsabout its environment. An example
mightbesomethinglike:

expect @start =>
� � �
[3..5]; @stop or @restart � � � @clock

Theexpectintroducesa global invariant. Initially we expecta start eventsampled
by clock; if a start eventdoesnot occurbeforetheclock thetemporalexpression
asa wholesucceeds.Otherwise,within threeto five furthercycleswe expectto see
eithera stop or a restart event. If morethanfive cycleselapsefollowing a start
eventwithout a stop or restart eventoccurring—thatis, if thetemporalexpression
fails—thenthe expectdeclarationwill causetheprogramto halt with anappropriate
errormessage.

2.1.3 Wait actions

Theexpectandeventdeclarationsintroducetemporalexpressionsthatarecontinually
reevaluatedthroughoutthelifetimeof theprogramstructurein whichthey aredeclared.
A wait actionis notusuallysolong-lived.Thisconstructis usedasanactionin regular
sequentialprogramcodeto pausethe executionat this locationuntil the embedded
temporalexpressionsucceeds.For examplethewait in

...; wait
� � �
@ready; @start � � � ; busy = 1; ...

pausesthe executionof the programuntil a ready event is followedon the next cy-
cle by a start event. Only whenthetemporalexpressionsucceedsdoestheprogram
resume—bysettingthebusy variable,andcontinuingwith therestof the threadthat
follows. Thesemanticsof thewait actionimplies that if the embeddedtemporalex-
pressionneversucceeds,thentheprogram(thread)will never resumeexecution.

2.2 Abstract syntax

Whendevelopingtheformalsemanticsfor aprogramminglanguageit is normallybest
to focuson theabstractsyntax,ratherthantheconcretesyntax,soasnot to burdenthe
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mathematicaldevelopmentswith concernsof a lexical naturesuchasoperatorprece-
dence,tokenstrings,andsoon. Generallytheabstractsyntaxcorrespondscloselyto
thesyntaxtreebuilt theparser—but in any caseit is presumedto becomposedonlyof
thoseprogramphrasesthathave independentsemanticsignificance.

t :: � ε � a � any ��� i � I ti � �
t1; t2 ���	� t � pre t � t@q

Table1: Abstractsyntaxof temporale

Anticipatingfor a momentthat,in commonwith otherlineartemporallanguages,ex-
pressionsin temporale will be interpretedover sequencesof states, the following
intuitionscanbesuppliedregardingtheoperatorsdefinedin Table1.

Empty ε – this constructrepresentsthe emptysequencewhich, althoughvacuousin
itself, playsapivotal role in thesemanticsof temporale.

Atom a – anatommaybeaneventor aproposition, eitherdetermininga sequenceof
lengthonewherethatatomis present/true.

Cycle any – this distinguishedevent is usedto denotethepassageof time according
to someexternalclock.

Disjunction t1 
 t2 – this representsthe simultaneouspossibilitiesof both t1 andt2.
Theindex setI maybefinite or infinite.

Sequence
�
t1; t2 � – this representsthe possibilitiesof t1 followed (beginning at the

next cycle)by t2. Sequenceis themaintemporaloperatorof thelanguage.

Negation � t – thiscomplementstheexpressiont sothatasequenceof statessatisfying
t will notsatisfy � t, andviceversa.

Prefix pre t – if t specifiesasequenceof statesthePrefixoperatorspecifiesall prefixes
of thatsequence(includingt andtheemptysequence).

Sample t@q – theexpressionis clocked,or sampled, accordingto thenamedeventq.
To a first approximationthis is aprojectionof thesequencedefinedby t.

NeitherNegationnorPrefixareavailablein theconcretesyntaxof temporale; they are
usedin thesequelto definelesspowerful, but moreuseful,temporaloperatorssuchas
failure, anda form of until (seeSection3.3).
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3 Denotationalsemantics

Thedenotationof a temporalexpressiontellsuswhatpropertythatexpressiondefines.
It is simplestto explain the theoryby first consideringa negation-freesubsetof tem-
porale; this languageis thendevelopedto includethecentralnotionof a FirstMatch,
andtheconceptof Failure. Webegin with somenotationalpreliminaries.

3.1 Preliminaries

3.1.1 Domain of discourse

Expressionsin temporale arebuilt out of sequencesof atomicentitieswhich maybe
composedin variousways.Therearetwo typesof atom:� Let � beasetof propositionsymbols, andlet p 
�� bearepresentativeelement.� Let � beasetof eventnames, andlet e� q 
	� berepresentativeelements.� Let ��������� be the set of atoms(atomic propositionsand events)and let

a 
�� bea representativeelementof thisset.

Propositionsrepresentrelationsover programvariables.A distinguished‘event’ any
is usedto representtimedeterminedby someexternalclock. Eventscarrynomemory
from onecycleto another, whereasthedataunderlyingpropositionsarestateretaining.

3.1.2 Inter pretations

Temporalexpressionsareinterpretedoversequencesof states.� Let Σ � 2� ands 
 Σ (or s : ����� �
0 � 1 � ) bea state. If a 
 s theinterpretation

is thattheatomiceventis present(or theatomicpropositionis true)in thatstate.� Let Σ � be the (infinite) setof all finite sequencesover 2� , andlet σ 
 Σ � bea
representativeelement.� If σ is thesequenceof states� s1 � s2 � � � � sn ! then �σ �"� n # 1 is the lengthof the
sequence.Theemptysequenceis representedby .� If σ1 andσ2 aresequencesthenσ1σ2 denotesthe concatenationof thesetwo
sequences.� σ1σ2 �$�%� σ1 �&�'� σ2 �

Finally, thenotationσ ( σ ) recallsthenotionof matching in regularexpressionlan-
guages:� s1 � s2 �*� � � sn ! (+� s)1 � s)2 � � � � s)n ! wheneversi 
 si ) for i � 1 �,� n.
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3.1.3 Models

Finally, supposet is a temporalexpressionthenthedenotation, or meaning,of t is a
set - t -/. Σ � . Thesequenceσ satisfies, or is a modelof, theexpressiont if andonly
if σ is in the denotation—i.e.,σ � � t iff σ 
0- t - . The set - t - is inductively defined
accordingto thesyntacticstructureof theexpressiont asweshallseein thefollowing
section.Readersunhappy with thenotionof a denotationcaninsteadregard - t - asa
notationfor the languagedefinedby t, oftenwrittenL 1 t 2 .
3.2 The negation-freelanguage

3.2.1 Abstract syntax

Thenegation-freesubsetof temporale is definedherein orderto introducethemainse-
manticnotionswithoutconfusingmattersby trying to simultaneouslyexplainthemore
difficult constructsof thefull temporallanguage.This sublanguageis only ‘negation-
free’ in the sensethat negation (or complement)appliesto atoms,not terms. The
syntaxis succinctlycapturedin the inductive definitionof Table2. With the excep-

t :: � ε � any � a � a ��� i � I ti � t1 3 t2 � �
t1; t2 �

Table2: Thenegation-freesubsetof temporale

tionsof a which representsthecomplementof theatoma, andtheconjunctiont1 3 t2,
theseconstructswereinformally definedin Section2.2.

3.2.2 Semantics

Givenanegation-freetemporalexpressiont, themeaning- t - is inductively definedin
Table3. Fromthedefinitionswe seethat - any - is thesetof all sequencesthatareof
lengthone;similarly, - a - (respectively, - a - ) is thesetof all sequencesof lengthonein
which theatomholds(respectively, doesnot hold) trueat thefirst andonly state.For
theBooleanconstructsnotethatDisjunctionis just theunionof thesetsof sequences
definedby the individual components;for Conjunctionwe take the intersection.As
for Sequence, theterm

�
t1; t2 � denotesthesetof sequencesthatcanbedividedsome-

wherealongtheir lengthsuchthat thefirst subsequencesatisfiest1, while thesecond
subsequencesatisfiest2. Thus; is interpretedassequenceconcatenation—in contrast
to thefusionsemanticsof thisoperatorin Interval TemporalLogic [1, 3].
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Empty - ε - def� � �
Cycle - any - def� �

σ : � σ �$� 1 �
Atom - a - def� �

σ : σ �+� s! � a 
 s�
Complement - a - def� �

σ : σ �+� s! � a 4
 s�
Disjunction - � i � I ti - def� 5 i � I - ti -
Conjunction - t1 3 t2 - def� - t1 -768- t2 -
Sequence - � t1; t2 �9- def� �

σ : : σ1σ2 � σ � σ1σ2 � σ1 
;- t1 -<� σ2 
=- t2 ->�
Table3: Semanticsof thenegation-freelanguage

Example3.1 For atomicx, y, andz:- x 3 y 
 �
y;z�?-@� �

σ : σ �A� s! � x 
 s� y 4
 s�CB �
σ : σ �+� s1 � s2 ! � y 
 s1 � z 
 s2 �

Satisfyingsequencesσ match � xy! �D� y� z! (usinga regularexpressionlikesyntax). E
3.2.3 Fixed repeat

Having definedthe kernelof the negation-freelanguageof temporalexpressionswe
cannow derive a numberof (morerecognisable)temporaloperators.FixedRepeatis
ann-fold repetitionwith aslight twist:F

nG t def� H �
t;

F
n � 1G t � if n I 0

ε if n � 0

Notethatsince - ε -J� � � this definitionimplies
� � is theuniquemodelfor

F
0G t, for all

t. As asecondconsequencewehave - � t1;
F
0G t; t2 �9-J�K- � t1; t2 �9- , for all t, t1, andt2.

3.2.4 True match variable repeat

This operatoris rarelyusedin temporale in practice.However, theoperatoris impor-
tant for thedefinitionof First Match Repeatwhich follows in Section3.3, andwhich
is frequentlyusedin practice.TrueMatch Repeathasfour subcases:F

m�L� nG t � �MF
mG t; F �,� n � mG t � F

m�L�NG t � �MF
mG t; F �L�NG t �F �,� nG t def� � 0 O k O n

F
kG t F �,�PG t def� � k Q 0

F
kG t

Theseoperatorsarewell definedonly if 0 R m R n. Notethat 
S- F �L� nG t - andthatF �,� nG t � F
0G t 
 F

1G t 
 F
2G t 
KT T TU
 F

nG t
while

F �,�PG t is aninfinite disjunctionof finite sequences.Intuitively a sequencesatisfiesF �L� nG t if andonly if it is aconcatenationof up to n sequencessatisfyingt.
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Example3.2 Two instancesof TrueMatch areusefulfor expressingeventualities.� Thefirst is
F �,�NG any (usuallyabbreviatedto ˜̃̃[..] in theconcretesyntax)which

specifiesanarbitrarysequenceof finite, but unbounded,length.� The secondis
F �,�PG a which specifiesthat the atoma is continuouslyunsatisfied

overasequenceof finite, but unbounded,length.

Thepositiveform of thelatter, viz
F �,�PG a, is alsoof interest:‘globally a.’ E

Noticethat - F �,�PG any -V� Σ � andsowemayreasonablythink of thispropertyas(tempo-
ral) true—thepropertyall modelssatisfy.

3.2.5 Eventually

Weusetheaboveexamplesof TrueMatch Repeatto define:W
a

def� �MF �,�PG any;a � TruematcheventuallyaX
a

def� �MF �,�PG a;a � Firstmatcheventuallya

It is not difficult to seethat - W a - includesall finite sequencesof statesσ �$� σ �Y# 1,
wheretheatoma is truein thefinal state;in contrast,- X a -VZ[- W a - includesonly those
sequenceswheretheatomonly holdsin thefinal state.In thenegation-freelanguage
the

X
operatoronly appliesto atomsor theircomplements.Weshallseein Section3.3

how botheventuallyoperatorsgeneraliseto arbitrarytemporalexpressions.

3.3 First Match, and Failure

The negation-freesubsetof temporale is a useful sublanguage,but it is not quite
sufficient to capturepropertiesexpressedusing the until operatoravailable in most
linear temporallogics. Nor canwe expressthe conceptof the failure of a temporal
expression.Theseconceptsrequirethe introductionof negationappliedto arbitrary
temporalexpressions,not just theatoms.Thesyntax

t :: � ε � any � a � � i � I ti � �
t1; t2 ���	� t � pre t

addsNegationandPrefix to thenegation-freelanguage(Table1 on page4). These-
manticsof thesetwo operatorsarespecifiedin Table4.

While the meaningof � t is rathereasyto explain the operationitself is far from
straightforward to compute(when model checking,or when computingsimulation
runs);its useis thereforerestrictedin theconcretesyntax.Theprefix operatorspeci-
fiesthesetof all sequencesthatcanbeextendedto - t - . Noticethat - t -\.]- pre t - , and
that 
S- pre t - .
Theseoperatorsareusedto definethefirstmatch andfail temporaloperators.
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Negation -$� t - def� Σ � �^- t -
Prefix - pre t - def� �

σ : : σ )_�`� σ )a�b# 0 � σσ )M
c- t -"�
Table4: Semanticsof NegationandPrefix, extendingTable3 definitions

3.3.1 Firstmatch

Earlierwe defined
X

a as
�MF �L�NG a;a � andcalledthis operatorfirst match eventually. The

reasonthis is a ‘first match’ is that it specifiesthe shortestsequencethat satisfiesa
eventually—i.e.,no prefix of

X
a alsosatisfiestheexpression.This notiongeneralises

asfollows:

fm t
def� t 3 � �

t;
F
1 �,�PG any �

Notethat - F 1 �,�PG any -\� Σ d . Applying thesemantics,andsimplifying, thisyields- fm t - � - t -U� �
σ : : σ1σ2 � σ � σ1σ2 � σ1 
�- t ->�?� σ2 �<# 1 �- fm t - includesall sequences- t - exceptthosehaving a (strict)prefix in - t - .

3.3.2 First match variable repeat

First andforemostthefirstmatch operatoris usedto defineFirst Match Repeat, and
thegeneralversionof first matcheventually:

t1 e mt2
def� fm

�MF �,� mG t1; t2 � Firstmatchrepeatt1 until t2 (for m # 0)
t1 e t2

def� fm
�MF �,�NG t1; t2 � Firstmatchrepeatt1 until t2 (unbounded)

Theboundedfirst matchrepeatspecifiesasequencewherethefirst suffix thatsatisfies
t2 follows theconcatenationof at mostm sequencessatisfyingt1; theunboundedfirst
matchrepeatallowstheleadingexpressionto repeatindefinitelyuntil t2 is matched.

In analogyto theeventuallyoperatorsin Section3.2.5wecandefine‘eventuallyt ’ for
arbitrarytemporalexpressions:X

t
def� fm

�MF �L�NG any; t � FirstmatcheventuallytW
t

def� �MF �,�NG any; t � Truematcheventuallyt

It is not difficult to checkthat - fm �MF �,�PG any;a �9-/�f- �MF �,�NG a;a �g- , for atoma, sothatthe
definitionaboveagreeswith thecharacterisationof

X
a givenin Section3.2.5.

Example3.3 Givenatomsa andb, consideru h a e 2b which, intuitively, specifies
thatb follows at mosttwo a’s. Unrolling thedefinitions - fm �MF �,� 2G a;b �9-i�j- a e 2b -� A � B where
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A �k- �MF �L� 2G a;b �?- arethetruematches, and

B � �
σ : : σ1σ2 � σ � σ1σ2 � σ1 
 A �?� σ2 �<# 1 � thetruematchesthataretoo long.

ThesetA is theunionof thedisjointsets
�
σ (l� b! � , � σ (l� a � b! � , and

�
σ (m� a � a � b! � ,

but clearlya sequencelike � ab� b! 
 �
σ (%� a � b! � is not a first match. ThesetB cuts

out thesequences
�
σ (+� b � 1! � , and

�
σ (+� b � 1 � 1! �CB �

σ (A� a � b � 1! � , which leaves- a e 2b -@� �
σ (A� b! � B �

σ (A� ab � b! � B �
σ (A� ab � ab � b! � (†)

asthesatisfyingsequencesfor thisfirst matchexpression. E
3.3.3 Fail

Continuingwith theexampleabove, thesetof sequences(†) specifiespreciselythose
sequencesfor which the evaluationof the temporalexpressionu h a e 2b succeeds.
Conversely, onecanaskwhentheexpressionfails. Thethreesequences

(a) � ab � ab! (b) � ab � 1! (c) � ab � ab � b � 1!
aremembersof the set -$� u - , but only (a) is a failure accordingto the semanticsof
temporale. This is becausefail t specifiesonly the shortestsequencesthat do not
satisfyt. Thus(b) is rejectedsincetheprefix � ab! is a failureof u, and(c) is rejected
becauseit is too long—theprefix � ab � ab � b! 
c- u - .
Theformaldefinitionof fail t is cumbersome

fail t
def� � �

t;
F
1 �,�PG any � 3 fm 1n� pre t 2� � �

t;
F
1 �,�PG any �o p"q r
A

3 � pre to p"q r
B

3 � � � pre t;
F
1 �,�PG any �o p"q r

C

but someintuition canbeappliedto thevariouscomponents:

A nosequencethatsatisfiesfail t canbeanextensionof asequencethatsatisfiest,
so - fail t -s.+-$� �

t;
F
1 �,�PG any �9- ;

B from theset -$� �
t;

F
1 �,�PG any �9- we mustremoveall prefixesof t sincethesemight

satisfyt by definition;

C lastly, weincludeonly theshortestsequencesthatdeviatefrom beingprefixesof
t, hencewe take thefirstmatch of � pre t (i.e., thesetB 6 C).

The advantageof fail t over � t is that it is simplerto implementfor the purposeof
propertychecking(not thatthis is obviousfrom theabovedefinition).

[Doc revision: 1.14] December17,2003



Semanticsof Temporale 11

Example3.4 The setcomplementsarisingfrom applicationof the embeddednega-
tions in the definitionof fail make computationof - fail t - far from straightforward,
evenfor relatively simplet. Theintrepidcanneverthelessverify thatfor atomica � b:� - fail a -J� �

σ (A� a! �t� �
σ : σ �A� s! � a 4
 s�� - fail

�
a;b �?-\� �

σ (l� a! �CB �
σ (A� a � b! �� - fail a e 2b -\� �

σ (+� ab! �CB �
σ (A� ab � ab! �CB �

σ (A� ab � ab � b! �� - fail ε -J�K- fail
F
nG any -\�u- fail

F �,�PG any -\�u- fail
F �L� mG any -\� � �

Note that fail a wasdenotedby a in the negation-freelanguage.If - fail t -v� � � for
somet, asin thelatterexampleabove,this indicatesthatt cannotfail. Whereasearlier
wenotedthat

F �L�NG any representedthetemporalpropertytrue, theemptysetof sequences� � representstemporal false—apropertynomodelcansatisfy. E
4 Sampling

In Section3 wedefineda rich collectionof temporaloperators,but omittedoneof the
more importantconcepts—samplingt@q for eventsq 
��wB �

any � calledsampling
events. TheSampleoperatort@q hasto beintroducedasa primitiveof thelanguage,
thus:

t :: � ε � any � a ��� i � I ti � �
t1; t2 ���	� t � pre t � t@q

Thesyntaxt@q concealsconsiderablecomplexity for therearethreecasesto consider.
Firstly thesamplingof atomicexpressionsin Section4.1 introducesa distinctionbe-
tweenpropositionson the one hand,and eventson the other. Secondly, sampling
non-atomictemporalexpressionsin Section4.3 highlightsthe ‘sampling’ effect that
theeventq hason theexpressiont. This is explainedin Section4.2.

4.1 Atomic cases

Hithertotherehasbeennothingto distinguisheventse 
8� from propositionsp 
8� .
A distinctiononly emergesin thepresenceof samplingevents.Givena namedevent
q 
x�yB �

any � we considerthecaseof (a) anevente sampledat theeventq, and(b)
a propositionp sampledat q. Thedifferencein intendedmeaningbetweenthesetwo
expressions,e@q andp@q respectively, is illustratedin Figure1. In thecaseof e@q,
theoccurrenceof theevente is latcheduntil thesamplingeventoccurs(unlessthetwo
eventscoincide).For p@q theBooleanexpressionp is evaluatedwhenthesampling
eventoccurs.
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z|{}|~� z�{}�~��� � � ���
�

�

�
� � � �g�

failure success

e 3 q

e 3 q

e 3 qe 3 q

q

q

(a)Eventesampledatq

z|{}|~���� �

�
� � � �g�

failure success

q

p 3 qp 3 q

(b) Propositionp sampledatq

Figure1: Samplingatomiceventsandpropositions

It is straightforwardto interpretFigure1(a)in e:

e@q ‘equals’ 1 e 3 q2 e 1*1 e 3 q2 
 � 1 e 3 q2 ; X q ��2
All componentsof thefigurearerepresentedhere.Therepeatedexpressionin thisFirst
Match Repeatis 1 e 3 q2 . If q occursbeforeane thetemporalexpressionfails—thisis
theonly way e@q canfail. If ane occurssimultaneouslywith q theexpressionsuc-
ceedsimmediately;otherwiseif theeprecedesthesamplingeventwe’ll wait, perhaps
indefinitely, for thenext q. Notethattheabove interpretationfor e@q is equivalenttoX 1 1 e 3 q2 
 � 1 e 3 q2 ; X q ��2 .
To interpretFigure1(b) in asimilarway is simplerbecausethesamplingalwayscoin-
cideswith theevaluationof p:

p@q ‘equals’
W

p 3 X
q

Theconjunct
X

q succeedson thefirst q event;thetruematcheventuallyp in theother
conjunctsucceedson every cycle that p is true. So,if p is trueon thefirst occurrence
of q thenp@q succeeds,andif p is falsein thatcycle thentheexpressionp@q fails.

Now the interpretationslistedabove arenot definitionsof themeaningof a@q. The
precisedefinitionsarenotsyntactic,but semantic,asfollows:- e@q - def� -�1 e 3 q2 e 1 1 e 3 q2 
 � 1 e 3 q2 ; X q ��2�- (1)- p@q - def� - W p 3 X

q - (2)

Thedistinctionmaynot appearto bevery interesting,but it turnsout thatonecannot
substitutetheexpressionp@q (say)with the‘replacement’

W
p 3 X

q in all contexts—
in particular, this substitutionis not valid in thecontext of anouterapplicationof the
Sampleoperator. This topic is discussedfurtherin Section4.3.
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Example4.1 It is usefulto compute- a@q - for atomiceventsandpropositions:- e@q -�� � eq! � 1 � eq! �D� eq! � q! � � q! 2- p@q -�� � q! � � pq!
(borrowing againfrom the syntaxof regular expressions).In the casethat q h any
noticethat - a@q -J�%- a -\� �

σ (+� a! � , which is consistentwith thenotionthatany is
thefastestclock. Lastly, if e h any it is easyto checkthat - e@q -\�u- X q - . E
4.2 Samplednormal form

Thedefinitions(1) and(2) applyonly toatoms.Applying ‘@q’ toanarbitrarytemporal
expressionst meansthatsamplingevents(or clocks)maybenested.Thesyntaxt@q
is complicatedby servingtwo purposessimultaneously:� Firstly, the‘@q’ specifiesthat thesuccessof t is latched,if necessary, until the

samplingeventoccurs(this is a trailing
X

q, in effect—seeSection4.3).� Secondly, the‘@q’ suppliesadefaultsamplingeventfor all subexpressionsof t
thatdonotsupplytheirown samplingevent.

Wedealwith thislatterpointwhendefiningthesemanticsof samplingby insistingthat
all subexpressionsunderasamplingeventareexplicitly sampled.This transformation
(normalisation, or clock propagation) is carriedout by the function

F F
t G G q in Table5.F F

ε G G q � εF F
any G G q � any@qF F
aG G q � a@qF F
t1 
 t2 G G q � F F

t1 G G q 
 F F
t2G G qF F � t G G q � � F F

t G G qF F
pre t G G q � pre

F F
t G G qF FD�

t1; t2 �>G G q � �MF F
t1 G G q;

F F
t2G G q � @qF F

t@q)�G G q � F F
t G G q� @q

Table5: Normalisingt@q

In mostcasesthe transformation
F F
t G G q just pushes

thesamplingevent ‘through’ theoperator;the in-
terestingcasesareAtomandSequence(wherethe
samplingeventis retained),andSampleitself.

The intuition behind the clock propagationruleF FD�
t1; t2 �>G G q � �MF F

t1G G q;
F F
t2G G q � @q is thattheeffect the

samplingoperatorhasis to modify the behaviour
of ; so that transitionsover the sequencehappen
not on the default clock any but on the (slower)
clockq. Thentheclausefor t@q specifiesthatthe
outersamplingeventceasesto have immediateef-
fect on thetermandthat theinnersamplingevent
takesprecedence.Thesetwo rulesindicatethat somecarehasto beexercisedwhen
applyingclockpropagationto theoperatorsderivedfromSequence, includingfm t and
fail t. The intuition is that the innermostsamplingevent is propagated,whilst outer
samplingevents‘stick’ to thederivedoperatorasin

F F��
t1; t2 �>G G q above.

Example4.2 Further intuitions can be gainedby computinga few examples. For
distincteventsa � b � x � y andz� q � q) 4h any
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� F FD�
a;b � @qG G any � �

a@q;b@q � @q� F F 1 � a;b � @q 
 x2 @q) G G any �A1 � a@q;b@q � @q@q) 2 
 1 x@q) 2� F F 1 � a;b � @q 
 �
x;y@z��2 @q) G G any � (left asanexercise).

Notethat
F F
anyG G q � any@q, (first matcheventuallyq). E

We saythat t̂
def� F F

t G G any is in samplednormalform. In eachof theabove examplesthat
computednormalformswecanalsoverify that

F F
t̂ G G any � t̂. In generalonecanprove

Proposition4.1
F F
t̂ G G any � t̂ for all temporalexpressionst (i.e.,

F F T G G any is idempotent).�
Proposition4.2 If t is asampling-freetemporalexpressionthen - t -V�u- t̂ - . �
Theseresultstell usthatonceanexpressionhasbeennormalisedit remainsunchanged
if it is renormalised,andthatthesemanticsof t andt̂ agreeif theexpressionis sampling
free. Proposition4.2 generaliseseasily to expressionst wheresamplingis applied
(only) to atomiceventsor propositionsthataresubtermsof t.

4.3 Samplingnon-atomicexpressions

The outstandingissueis to definethe semanticsof t@q for arbitrary t. Firstly, we
requirethat t@q is in samplednormal form. Secondly, notethat - t - partitionsinto
thetwo setsof sequences- t 3 W

q - and - t 3 W
q - (in otherwords,eithertheeventq is

presentif, andwhen,t succeeds,or it is notpresent).With this intuition define- t@q - def� -�1 t 3 W
q2 
 � 1 t 3 W

q2 ; X q�9- (3)

The
W

q in thefirstdisjunctensuresthatif thesamplingeventcoincideswith thesuccess
of t thentheexpressiont@q succeedsimmediately;otherwise(becauseof the

W
q in

theseconddisjunct)theexpressionsucceedsat thenext q.

Example4.3 For theeventsa, b, andc, (3) yields- a@b@c - � -�1 a@b 3 W
c2�-�B8- � 1 a@b 3 W

c2 ; X c �9-
Theleft disjunctis thesetof sequencesmatching� ab! � 1*� abc! �D� ab! � b! � � bc! 2 ; theother
is left asaneasyexercise.For anotherexampleconsider, for e 
	� andp 
	� :-�1 e 3 p2 @q -@� - e@q -�68- p@q -
Via (1) and(2) thisgivesall sequencesmatching� eq! � 1 � epq! ��� eq! � q! � � pq! 2 . E
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Finally let us considera sampledsampledexpressionlike t@q@q) for q 4h q) and
‘sequential’term t. For the inner term,giventheabove definition,clearly 1 t 3 W

q2 
� 1 t 3 W
q2 ; X q � is in samplednormalform (sincet@q andhencet arein normalform).

However, theexpression 1 1 t 3 W
q2 
 � 1 t 3 W

q2 ; X q ��2 @q)
is not in samplednormalform. Consequentlythesetof sequencesdefinedby theabove
termdiffers,in general,from theset -�1 t@q2 @q) - . A similarcaveatappliesherein the
casethatt is anatomfor- p@q@q) -04� -�1 W p 3 X

q2 @q) -�� -�1 F F W p 3 X
qG G q� 2 @q) -

andsimilarly if theatomis anevente.

5 Summary

Thefull collectionof temporalconstructsdefinedabove includestheprimitivesof the
language,viz

t :: � ε � any � a ��� i � I ti � �
t1; t2 ���	� t � pre t � t@q

andlargecollectionof derivedoperators.Thosedefinedvia SequenceandDisjunction:

t :: � F
nG t � F �,� mG t � F �,�PG t � W

t

andthosedefinedthroughtheNegationandPrefix:

t :: � t1 3 t2 � fm t � t1 e mt2 � t1 e t2 � X
t � fail t � a

Of theseoperatorsneitherfm t, � t, norpre t are(directly)accessiblefromtheconcrete
syntaxof temporale, while disjunctionis of coursefinitely presentedin t1 
 t2 (infinite
disjunctionbeingallowedin therestrictedsettingof TrueMatch).

Table 6 provides a summaryof theseoperators,their definitions,and the concrete
syntaxas definedby Specman.This list is not complete. Firstly, the True Match
andFirst Match variablerepeatoperatorsmay have a lower boundother than0: in
eithercasetheexpansion

F
n �L� n � mG t � �MF

nG t; F �,� mG t � applies.Secondly, the ‘*t’ may
beomittedfrom eachof therepeatoperators—iftheexpressionis omitted‘*cycle’
is assumed.For theremainingomissionsseebelow.

5.1 Transition predicatesor unnamedevents

In temporale thereare threetransitionpredicates. If s is a Booleanor arithmetic
expression(without lossof generality, a variableor signal) thenrise 1 s2 , fall 1 s2 , and
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ConcreteSyntax LogicalSyntax Name Definition
cycle any Cycle Table6
@any any Cycle Table3
@e e Event Table3
true(p) p Prop Table3

@e@q e@q Sample1 Section4.1(1)
true(p) @q p@q Sample2 Section4.1(2)
t@q t@q Sample3 Section4.3(3)
[n]* t

F
nG t Repeat Section3.2.3

fail t fail t Failure Section3.3.3
˜̃̃[..m]*t

F �,� mG t TrueMatch 1 Section3.2.4
˜̃̃[..]*t

F �,�NG t TrueMatch 2 Section3.2.4

t1 � � � t2 1 fail t1 2 
 �
t1; t2 � Yield Table6

t1 or t2 t1 
 t2 Disjunction Table3
t1 and t2 t1 3 t2 Conjunction Table3� � �
t1;t2 � � � �

t1; t2 � Sequence Table3� � �
[..m]*t1;t2 � � � t1 e mt2 FirstMatch 1 Section3.3.2� � �
[..]* t1;t2 � � � t1 e t2 FirstMatch 2 Section3.3.2

Table6: Summaryof temporaleoperators

change1 s2 aretemporalexpressions.The intendedmeaningis that,say, rise(s)@q
is true if q holds(at thecurrentpoint) andeitherthevalueof s at thecurrentpoint is
greaterthanthevalueof s at thepreviouspoint whereq holds,or elseif q holdsat no
previouspointsthenthevalueof s is greaterthanits initial value.

At first sightthesetransitionpredicatesposeaproblemif they areto fit into theseman-
tic framework establishedhere.In ordertodetecttherise(fall or change)in thesignal’s
valueoneneedsa sequenceof at leasttwo states.Theresolutionof this dilemmalies
in augmentingtheatoms.

First, let usdefinea functionprev 1 s� q2 , thatcomputesthe valueof s at theprevious
point for whichq holds.If nosuchpointexists,it givestheinitial valueof s.

Wecanthendefinethefollowing new propositions:

RISE 1 s� q2 def� prev 1 s� q2V� s

FALL 1 s� q2 def� prev 1 s� q2VI s

CHANGE 1 s� q2 def� prev 1 s� q2/4� s
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Let �
def� �

RISE 1 s� q2�� FALL 1 s� q2�� CHANGE 1 s� q2 : s is asignal� q 
����
andextend � to �xB��yB �

. So,we seethatRISE 1 s� q2 is anatomno differentfrom
theatomsin in � .

Finally, theconnectionbetweenrise(s)@q of theconcretesyntaxandRISE 1 s� q2 is
asfollows:

F F
rise(s) G G q � RISE 1 s� q2 @qF F
fall(s) G G q � FALL 1 s� q2 @qF F

change(s) G G q � CHANGE 1 s� q2 @q

5.2 Discussion

Temporale is thusalanguageof sequencesof eventse 
|� , andprogramstate(p 
|� ),
sampledby events(or clocks). Sequencesmaybecomposedin variouswaysvia dis-
junction,conjunction,andrepetition.Theuseof negationis restrictedin the(concrete)
languageto thespecialcaseof fail t which hasa clearoperationalinterpretationif a
rathercumbersomedenotationalone as it is given in Section3.3.3: fail t specifies
exactly theshortestsequencesthatcannotbeextendedto sequencessatisfyingt.

Disjunctionis thesourceof nondeterminismin thelanguage(conjunction,in contrast,
is stronglydeterministic).Theotherpowerful operatorof temporale is thegeneralised
until which we call ‘first matchrepeat’(Section3.3.2). Throughthis operatorwe are
ablein e to expressboundedandunboundedeventualitiesin a naturalway.

5.2.1 Temporal contextsrevisited

Section2.1discussedthecontexts in whichtemporalexpressionareusedin everifica-
tion programs.It is usefulto considerhow theserelateto temporale itself:

event e is t—the event is ‘emitted’ whenever the (evaluationof the) temporal
expressionsucceeds.Thisevaluationprocesscommencesanew eachcycle. This
isapproximatedby truematcheventually:

W
t (approximatedsince

W
t necessarily

endsin asuffix satisfyingt, but theeventdefinitionmakesnosuchcommitment).

expect t—theinformalexplanationwasthatthetemporalexpressionrepresentsan
invariant. In fact the evaluationof the temporalexpressionis evaluatedanew
on eachcycle, andwhatwe areinterestedin is the failure of t. This makesthe
‘expect’anapplicationof first matcheventually:

X 1 fail t 2 .
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In asimilarveinwait t is asimpleapplicationof first matcheventually. Thepresence
of samplingevents,however, docomplicatetheaboveexplanationsslightly.

5.2.2 Sampling@ sampling

Much of the complexity in the discussionaround - t@q - arisesbecauseof the pos-
sibility of nestedclocking events. Onemight well ask whethersuchcomplexity is
necessaryin thepropertylanguagefor a@q is alreadya powerful notion. In fact the
ability to nestclocksis of considerableutility sincethispermitsoneto sampleasubse-
quenceof a largersequence,ata (notionally)fasteror slower rate.Thusevaluationof� � � � ; �

a;b � @q1; �*� ��� @q2 ‘enters’ the innersequencewhentheprecedingexpression
succeededon q2; thereaftertheinner

�
a;b � is clockedby q1, theouterclock q2 being

ignoredunlessanduntil
�
a;b � @q1 succeeds.The insistencethat (sampled)expres-

sionsarein normalform guaranteesthisbehaviour.

5.2.3 Power of the negation-freelanguage

Negation-freetemporale is an interestingandusefulpropertylanguagein itself, and
indeedthesyntaxin Section3.2.2canbeaugmentedwith theSampleoperatorsoasto
exploit nestingof samplingeventsasdiscussedabove. Transitionpredicatesarealso
within the scopeof this subsetof temporale, as is the first matcheventually

X
a as

discussedin Section3.2.5.

A limitation of thenegation-freelanguagein thatit doesnothavetheexpressivepower
to capturethe until operatorFirst Match Repeat. This operatoris found to be very
muchusedin practicein the boundedandunboundedversions. Anotherweakness,
from a specificationstandpoint,would betheomissionof theyield operator(defined
via fail in Table6). While many applicationsof this operatorareof the form expect1 a � t 2 @q, andwhile ‘ fail a@q’ maybedefinedin thenegation-freelanguage,nested
applicationsof t1 � t2 undersomesamplingeventarealsoveryuseful.

5.2.4 Strong eventually

In a simulationcontext first matcheventuallymustberegardedasa weakeventuality.
This is becausesimulationrunsarenecessarilyfinite sequences,but evaluationof

X
t

wouldnotnecessarilyfail if timeranoutbeforetheexpressiont hadbeensatisfied.In
temporale thereforeastronger‘eventually’ is definedby appealingto a specialevent,
quit, whichmarkstheendof time. Then(looselyasthis is notcorrectundersampling)

eventually t
def� quit e t

is a temporalexpressionthatwill fail unlesst is satisfiedbeforethesimulationends.
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A Formalities in brief

1. � is asetof propositionalvariables, andlet p beametavariablerangingover � .

2. � is a setof events, andlet ebeametavariableover � .

3. Let �K�[�8��� bethesetof atomicpropositionsandevents, andlet a 
�� .

4. Let TEXP bethecollectionof all temporal expressionsandt 
 TEXP begener-
atedby theabstractsyntax

t :: � ε � any � a ��� i � I ti � �
t1; t2 ��� t@q �	� t � pre t

for a 
�� , q 
	� , andwhereI is someindex set.

5. A stateis anelements 
 2� (equivalentlyit is a valuation�K� �
0 � 1 � ).

6. Let σ bea finitesequence� s1 � s2 � �*� � sn ! for � σ �$� n # 1. Theemptysequenceis
, andσ1σ2 is theconcatenationof sequencesσ1 andσ2: � σ1σ2 �$�u� σ1 �n�'� σ2 � .

7. Let Σ � bethe(infinite) setof all finitesequencesover2� .

8. Thesemanticsof t 
 TEXP is theset - t -�. Σ � inductively definedin Table7.

Empty - ε - def� � �
Cycle - any - def� �

σ : � σ �$� 1 �
Atom - a - def� �

σ : σ �l� s! � a 
 s�
Disjunction -g� i � I ti - def� 5 i � I - ti -
Sequence - � t1; t2 �9- def� �

σ : : σ1σ2 
 Σ � � σ � σ1σ2 � σ1 
S- t1 -<� σ2 
�- t2 ->�
Sample - t@q - def� SeeTable8

Negation -$� t - def� Σ � �^- t -
Prefix - pre t - def� �

σ : : σ )g
 Σ � � σσ )M
c- t -"�
Table7: Semanticsof thebasictemporaloperators

9. Let q 
��^B �
any � be a samplingevent. Thereareseveralsamplingrules (see

Table8) wherethetermt@q mustbein samplednormalform (Table9).

10. Therearea numberof derivedoperators (seeTable10 and11). The t maybe
omittedfrom therepeatoperators,defaultingto ‘any’ – ie.,

F
nG def� F

nG any, etc..

11. Theset � is partitionedinto two sets:propositions, andtransitionpredicates. If
x is avariableof someorderedtypeande is anevent,thenx∆ 
 �

is a transition
predicate,where

�
def� �

RISE 1 x � e2$� FALL 1 x � e2�� CHANGE 1 x � e2 : x is avariable,e 
���� .
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- p@q - def� - X q 3 W
p - for p 
��- e@q - def� -�1 e 3 q2 e 1 1 e 3 q2 
 � 1 e 3 q2 ; X q ��2�- for e 
	�- t@q - def� -�1 t 3 W

q2 
 � 1 t 3 W
q2 ; X q �9- otherwise

Table8: Thethreesemanticsof theSamplingoperator

F F
εG G q � ε

F F
anyG G q � any@qF F

aG G q � a@q
F F
t1 
 t2 G G q � F F

t1G G q 
 F F
t2G G qF F � t G G q � � F F

t G G q F F
pre t G G q � pre

F F
t G G qF FD�

t1; t2 �>G G q � �MF F
t1G G q;

F F
t2 G G q � @q

F F
t@q) G G q � F F

t G G q� @q

Table9: Computingthesamplednormalform t@q from
F F
t@qG G q

 
t
 
n # 1

F
nG t def� �

t;
F
n � 1G t � F

0G t def� ε 
n # m # 0

F
m�,� nG t def� � n

k¡ m
F
kG t t1 e m

n t2
def� fm

�MF
m�L� nG t1; t2 � 

m # 0
F
m�,�NG t def� � k Q m

F
kG t t1 e mt2

def� fm
�MF

m�L�NG t1; t2 � 
n # 0

F �,� nG t def� F
0 �L� nG t t1 e nt2

def� fm
�MF �,� nG t1; t2 �F �,�PG t def� F

0 �L�NG t t1 e t2
def� fm

�MF �,�NG t1; t2 �
Table10: DerivedFixedRepeatandTrueandFirstMatch Repeatoperators

FirstMatch fm t
def� t 3 � �

t;
F
1 �,�NG¢�

Fail fail t
def� 1 fm � pre t 2 3 � �

t;
F
1 �L�NG¢�

FirstMatch Eventually
X

t
def� fm

�MF �L�NG ; t �
TrueMatch Eventually

W
t

def� �MF �L�NG ; t �
AtomicComplement a

def� fail a

Conjunction t1 3 t2
def� �i1n� t1 
 � t2 2

Yield t1 � t2
def� 1 fail t1 2 
 �

t1; t2 �
Table11: Otherderivedoperators:FirstMatch, Fail, Eventually, etc.
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