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This article summariseshe syntaxand mathematicasemanticof the temporalfragmentof
the e language This fragmentof e is essentiallya lineartime temporallogic interpretedover
sequencesf programstates. The following is not intendedasan introductionto Specmars
temporallanguagebut, rather to sene asthe definition of thelanguagealescribedn therefer
encemanualsandasthe startingpointfor future developmentgo thelanguage.

1 Intr oduction

The e languagehasevolved to meetthe functional verification requirementf the
builders of moderndigital electronicdevicessuchas processorcores,DSPs,micro-
controllers,memoryinterfacesandsoon. An e verificationprogramis mostoftena
modelof theenvironmentin which suchdevicesareintendedo operate A verification
programmay includemoreor lessdetailedmodelsof the hardwareundertest,andof
the hardware/softvaredeviceswith which it communicatesThe e languageherefore
providesfacilitiesfor modellingboththe dataprocessethy suchcomponentsaswell
asthe communicationghroughwhich they interact.

Theelanguages well suitedto modellingdata:it is anobject-orientegorogramming
languagethat combinesimperatve featuresfor capturingsequentialand concurrent
algorithms declaratve featuredor expressingconstraintover data,andaflexible ex-
tensionmechanisnthatsupportgapid prototyping. Thesefeaturescombinein e with
a powerful constraint-basedandomgeneratiorenginefor highly effective, dynamic
creationof stimuli for thedevice undertest.

For modellingcommunicatiorprotocols,andtheorchestratiorof concurrentictiities
within a model, e provides primitivesfor spavning, forking andjoining concurrent
threadsof execution. Synchronisatiotetweenthreadss achievedvia eventsthatare
broadcassothatthey aresimultaneouslyisible throughouthe program.Eventsin e
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carrynodata,but communicatiorbetweerthreadsanbeachiezedvia sharedrariables
protectedwhennecessaryy semaphores.

Eventsin ane verificationprogramtypically represenbutputsfrom the hardwarede-
vice undertest;they may alsorepresentnterestingscenariosuchasthe rulesspeci-
fying communicationgrotocols.In orderto declaresuchrules,eitherfor implemen-
tation or verificationpurposesg providesa numberof tempoal operators for com-
bining eventsinto complex temporalexpressions.This sublanguage;alledtempoal

g, is alineartemporallogic reminisceniof Chopyy Logic [4] andRegular Temporal
Logic [2], thathasa naturalsyntaxfor expressingcomplex sequencesf events.

Sincethetemporalanguagas centralto our understandingf concurrentomputation
in e, andsincethis languageenabledormal verificationof e and HDL models,it is
the purposeof this article to give temporale a rigorousmathematicabemantics We
begin in Section2 with a brief introductionto the main constructsof the language
(theintendedsemantic®of the basicoperators)andsomeillustrationsof the contexts
in which they aretypically employed. The denotationalor logical) semanticof the
languageare graduallydevelopedthroughSection3, which alsointroducesthe very
minimalmathematicatonceptsequired andSectiond. Thefinal Section5 concludes
with a summaryand somediscussionof the expressvenessand compleity issues
raisedby theformal semantics.

2 Intr oducingtemporal e

To convey someof theintendedsemanticst is prudentto begin with anillustrationof
the contexts in which temporalexpressionsrise. The examplesin Section2.1 shav
temporalexpressionsusedto defineevents,temporalproperties,and actionsin the
body of processesmplementingreactve behaiour. Abstractsyntaxis discussedn
Section2.2.

2.1 Temporal contexts

2.1.1 Eventdefinitions

Thefirst of thesetemporalcontetsis the eventdefinition For examplethedeclaration
event readyis {@eset; [3]} @l ock

stateghatthe eventr eady will occurthree‘cl ock cycles’ afterareset. Thecl ock

event hereis referredto asa samplingevent andthe termin bracesis a sequence
Thefirst term of the sequences just the occurrenceof the eventr eset (sampledjn
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this example,by thecl ock event);the secondierm,[ 3], abbreviatesa sequencef
threecl ock events. To a closeapproximatiorthe evaluationof this sequencédegins
with theoccurrencef ar eset event,andterminatesuccessfullyor succeedsonthe
fourthcl ock thereafter

2.1.2 Expectdeclarations

The secondcontet in which temporalexpressionglay a crucial role is in the dec-
larationof temporalproperties. Thesemay be assertion@boutthe behaiour of the
programin which they reside,or assumptionsboutits ervironment. An example
mightbe somethindike:

expect @tart => {[3..5]; @top or @estart} @l ock

The expectintroducesa global invariant. Initially we expecta st art eventsampled
by cl ock; if astart eventdoesnotoccurbeforethecl ock thetemporalexpression
asa whole succeedsOtherwise within threeto five further cycleswe expectto see
eitherastop orarestart event. If morethanfive cycleselapsefollowing a st art
eventwithoutast op orrest art eventoccurring—thats, if thetemporalexpression
fails—thenthe expectdeclarationwill causethe programto halt with anappropriate
errormessage.

2.1.3 Wait actions

The expectandeventdeclarationsntroducetemporalexpressionshatarecontinually
reevaluated¢hroughouthelifetime of theprogramstructuran whichthey aredeclared.
A wait actionis notusuallysolong-lived. This construcis usedasanactionin regular
sequentiabrogramcodeto pausethe executionat this location until the embedded
temporalexpressiorsucceedst-or examplethewai t in

., wait {@eady; @Gtart}; busy = 1,

pauseshe executionof the programuntil ar eady eventis followed on the next cy-
clebyastart event. Only whenthetemporalexpressiorsucceedsloesthe program
resume—Dbysettingthe busy variable,andcontinuingwith the restof the threadthat
follows. The semanticof the wait actionimpliesthatif the embeddedemporalex-
pressiomever succeedshenthe program(thread)will never resumeexecution.

2.2 Abstract syntax

Whendevelopingtheformal semantic$or a programminganguaget is normallybest
to focusontheabstracsyntax ratherthanthe concretesyntax,soasnotto burdenthe
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mathematicatievelopmentswith concernf a lexical naturesuchasoperatorprece-
dencetokenstrings,andso on. Generallythe abstracsyntaxcorrespondsloselyto
thesyntaxtreebuilt the parser—but in ary caset is presumedo be composeanly of
thoseprogramphraseshathave independensemanticsignificance.

ti=c¢laflay]| Vit | {tute} [ -t | pret | t@q

Tablel: Abstractsyntaxof temporale

Anticipatingfor a momentthat,in commonwith otherlineartemporallanguagesex-
pressionsn temporale will be interpretedover sequencesf states the following
intuitionscanbe suppliedregardingthe operatorslefinedin Tablel.

Empty € — this constructrepresentshe empty sequencevhich, althoughvacuousn
itself, playsa pivotalrole in thesemantic®f temporale.

Atom a—anatommaybeaneventor a proposition eitherdetermininga sequencef
lengthonewherethatatomis present/true.

Cycle ary — this distinguishedeventis usedto denotethe passagef time according
to someexternalclock.

Disjunction t; V t — this representshe simultaneougpossibilitiesof botht; andts.
Theindex setl maybefinite or infinite.

Sequence{ts;to} — this representshe possibilitiesof t; followed (beginning at the
next cycle) by t,. Sequences the maintemporaloperatorof thelanguage.

Negation —t —thiscomplementgheexpressiort sothatasequencef statesatisfying
t will notsatisfy—t, andvice versa.

Prefix pret—if t specifiemsequencef stategshePrefixoperatoispecifiesll prefixes
of thatsequencéincludingt andtheemptysequence).

Samplet@q —theexpressions clocked,or samplegaccordingo the namedeventa.
To afirst approximatiorthisis a projectionof thesequenceefinedby t.

NeitherNegationnor Prefixareavailablein the concretesyntaxof temporale; they are
usedin the sequeto definelesspowerful, but moreuseful,temporaloperatorsuchas
failure, andaform of until (seeSection3.3).
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3 Denotational semantics

Thedenotatiorof atemporalexpressiortells uswhatpropertythatexpressiordefines.
It is simplestto explain the theoryby first consideringa negation-freesubsef tem-
porale; this languageas thendevelopedto includethe centralnotion of a Fir st Match,
andthe concepbf Failure. We begin with somenotationalpreliminaries.

3.1 Preliminaries
3.1.1 Domain of discourse

Expressionsgn temporale arebuilt out of sequencesf atomicentitieswhich maybe
composedn variousways. Therearetwo typesof atom:

e Let P beasetof propositionsymbolsandlet p € P bearepresentate element.
e Let £ beasetof eventnamesandlet e, q € £ berepresentate elements.

e Let 4 = P+ ‘E bethe setof atoms(atomic propositionsand events)and let
a € 4 bearepresentate elemenbf this set.

Propositiongepresentelationsover programvariables.A distinguishedevent’ ary
is usedto representime determinedy someexternalclock. Eventscarryno memory
from onecycleto anotheywhereashedataunderlyingpropositionsarestateretaining.

3.1.2 Interpretations
Temporalexpressiongreinterpretedover sequencesf states.

e Let> =27 andsc 3 (ors: 4 — {0,1}) beastate If a € stheinterpretation
is thattheatomiceventis presen{or theatomicpropositionis true)in thatstate.

e Let Z* bethe (infinite) setof all finite sequencesver 27, andlet o € =* bea
representate element.

e If 0 isthesequencef states(s;, S, ...S,) then|o| = n > 1is thelengthof the
sequenceTheemptysequences representedy .

e If 0p ando, aresequencetheno;0, denoteshe concatenatiorof thesetwo
sequencesoi0z| = |01| + |02

Finally, the notationo ~ o’ recallsthe notion of matding in regular expressionian-
guages(si, ,...S) ~ (S, S,...S, Wheneers € s’ fori=1..n.
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3.1.3 Models

Finally, supposé is atemporalexpressiorthenthe denotation or meaningof t is a
set||t|| € Z*. Thesequence satisfiesor is a modelof, the expressiort if andonly
if o isin thedenotation—i.e.g =t iff o € ||t||. Theset||t|| is inductively defined
accordingo the syntacticstructureof theexpressiort aswe shallseein thefollowing
section.Readersinhapy with the notion of a denotatiorcaninsteadregard||t|| asa
notationfor thelanguage definedby t, oftenwrittenL(t).

3.2 The negation-freelanguage
3.2.1 Abstract syntax

Thenegation-freesubsebf temporakis definedherein orderto introducethemainse-
manticnotionswithoutconfusingmattersoy trying to simultaneouslgxplainthemore
difficult constructf the full temporallanguage This sublanguagés only ‘negation-
free’ in the sensethat negation (or complement)appliesto atoms,not terms. The
syntaxis succinctlycapturedn the inductive definition of Table 2. With the excep-

t == ¢ |ay | alal Vigti | uata | {t;to}

Table2: Thenegation-freesubsebf temporale

tionsof a which representshe complemenbf theatoma, andthe conjunctiont; At,
theseconstructsvereinformally definedin Section2.2.

3.2.2 Semantics

Givenanegation-freetemporalexpressiort, themeaning||t|| is inductively definedin
Table3. Fromthe definitionswe seethat ||ary|| is the setof all sequencethatare of
lengthone;similarly, ||a|| (respectiely, ||a]|) is thesetof all sequencesf lengthonein
which theatomholds(respectrely, doesnot hold) true at the first andonly state.For
the Booleanconstructsiotethat Disjunctionis just the unionof the setsof sequences
definedby the individual componentsfor Conjunctionwe take the intersection.As
for Sequencgheterm{t;;t,} denotedhesetof sequencethatcanbedividedsome-
wherealongtheir lengthsuchthatthe first subsequencsatisfied;, while the second
subsequencsatisfied,. Thus; is interpretedassequenceoncatenation-in contrast
to thefusionsemantic®f this operatoiin Interval TemporalLogic [1, 3].
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Empty €l = {}

Cycle lanil = {o:|o|=1}

Atom al| = {0:0=(9),acs}

Complement ||al| £ {o:0=(s),a¢s}

Disjunction | [|Vieytil £ Use [t

Conjunction| [tiAto]| = ||ta]| N ][t2]]

Sequence | ||{ty;t2}]| £ {0:30102. 0 =0102, 01 € ||t1][, 02 € ||t||}

Table3: Semantic®f the negation-fredanguage

Example 3.1 For atomicx, y, andz
IXAYV{y;z}|| = {0:0=(s),xesy¢gstU{o:0=(s1,%),Y€S1,Z€ S}

Satisfyingsequences match(xy)|(y,2) (usingaregularexpressioriike syntax). &

3.2.3 Fixedrepeat

Having definedthe kernelof the negation-freelanguageof temporalexpressionsve
cannow derive a numberof (morerecognisable)emporaloperators Fixed Repeats
ann-fold repetitionwith a slight twist:

Nt = {{t;[”—l]t} ifn>0

£ ifn=0
Notethatsince||e|| = {} this definitionimplies{} is theuniquemodelfor [Q]t, for all
t. As asecondcconsequencee have ||{t; [O]t;t2}|| = |[{t1;t2}]|, for all t, t1, andt.

3.2.4 True match variable repeat

This operatois rarelyusedin temporale in practice.However, the operatoris impor-
tantfor the definitionof First Match Repeatvhich followsin Section3.3, andwhich
is frequentlyusedin practice.True Match Repeahasfour subcases:

m.nt = {[mt;[..n—m|t} m.Jt = {[mt;[..]t}
[t = VockenlKIt [t = VieolKt
Theseoperatorsaarewell definedonly if 0 < m< n. Notethate ||[..n]t|| andthat
[.nt = [Ot Vv [tV [2)tV ---V [n]t

while [..]t is aninfinite disjunctionof finite sequencedntuitively a sequenceatisfies
[..n]t if andonly if it is aconcatenationf up to n sequencesatisfyingt.
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Example 3.2 Two instance®f True Match areusefulfor expressingeventualities.

e Thefirstis [..]ary (usuallyabbreiatedto “[ . . ] in the concretesyntax)which
specifieaanarbitrarysequencef finite, but unboundediength.

e Thesecondis [..]a which specifiesthat the atoma is continuouslyunsatisfied
overasequencef finite, but unboundediength.

Thepositive form of thelatter, viz [..]a, is alsoof interest:‘globally a. &

Noticethat||[..]any|| = Z* andsowe mayreasonablyhink of this propertyas(tempo-
ral) true—thepropertyall modelssatisfy

3.2.5 Eventually

We usethe above examplesof True Match Repeato define:

¢a = {[lary,a} Truematcheventuallya
a £ {[]za} Firstmatcheventuallya

It is not difficult to seethat || #a|| includesall finite sequencesf stateso, (o] > 1,
wheretheatomais truein thefinal state;in contrast||¢a|| C ||4a|| includesonly those
sequencewherethe atomonly holdsin thefinal state.In the negation-fredanguage
the operatoonly appliesto atomsor their complementsWe shallseein Section3.3
how botheventuallyoperatorgeneralis¢o arbitrarytemporalexpressions.

3.3 First Match, and Failure

The neggation-freesubsetof temporale is a useful sublanguagebut it is not quite
sufficient to capturepropertiesexpressediusing the until operatoravailable in most
linear temporallogics. Nor canwe expressthe conceptof the failure of a temporal
expression. Theseconceptgsequirethe introductionof negationappliedto arbitrary
temporalexpressionsnotjusttheatoms.The syntax

t = ¢ |ay|a]| Vigt | {tute} | -t | pret
addsNegation andPrefix to the negation-freelanguaggTable 1 on page4). The se-
manticsof thesetwo operatorsarespecifiedn Table4.

While the meaningof —t is rathereasyto explain the operationitself is far from
straightforvard to compute(when model checking,or when computingsimulation
runs);its useis thereforerestrictedn the concretesyntax. The prefix operatorspeci-
fiesthesetof all sequencethatcanbeextendedo ||t||. Noticethat||t|| C ||pre t||, and
thate ||pret]|.

Theseoperatorareusedto definethefirstmatch andfail temporaloperators.
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Negation [t = 2|t
Prefix |pret|| £ {o:30'. 0’| >0, 00 €|t|}

Table4: Semantic®f NggationandPrefix extendingTable3 definitions

3.3.1 Firstmatch

Earlierwe defined0a as{[..]a;a} andcalledthis operatoffirst matc eventually The
reasornthis is a ‘first match’is thatit specifiesthe shortestsequencehat satisfiesa
eventually—i.e. no prefix of {a alsosatisfieghe expression.This notiongeneralises
asfollows:

def

fmt = tA-{t;[1..]ary}
Notethat||[1..]ary|| = Zt. Applying the semanticsandsimplifying, this yields
[fmt]| = |t —{0:30102. 0 = 0102, 01 € [[t]], |o2| > 1}

||fm t|| includesall sequencept|| exceptthosehaving a (strict) prefixin ||t]|.

3.3.2 First match variable repeat

First andforemostthe firstmatch operatoris usedto defineFir st Match Repeatand
thegeneralersionof first matcheventually:

def

t1 Untz = fm {[.mty;t2} Firstmatchrepeat; until t; (for m> 0)

def

thUty, = fm {[.]ty;t2} Firstmatchrepeat; until t, (unbounded)

Theboundedirst matchrepeatpecifiesa sequencavherethefirst suffix thatsatisfies
t> follows the concatenatiof at mostm sequencesatisfyingts; the unboundedirst
matchrepeatallows theleadingexpressiorto repeatindefinitelyuntil t, is matched.

In analogyto theeventuallyoperatorsn Section3.2.5we candefine‘eventuallyt’ for
arbitrarytemporalexpressions:

Ot = fm {[..]Jany;t}  Firstmatcheventuallyt
o = {[Jayt} Truematcheventuallyt

It is not difficult to checkthat||fm {[..]any; a}|| = ||{[..]& a}||, for atoma, sothatthe
definitionabove agreeswith the characterisationf {a givenin Section3.2.5

Example 3.3 Givenatomsa andb, consideru = a U, b which, intuitively, specifies
thatb follows at mosttwo a's. Unrolling the definitions||fm {[..2]a;b}|| = ||aWb||
= A —B where
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A = ||{[--2]a;b}|| arethetrue matdes and

B ={0:30102.0=0102, 01 € A, |02| > 1} thetruematcheshataretoo long.

ThesetA is theunionof thedisjointsets{o ~ (b)}, {0 ~ (a,b)}, and{o ~ (a,a,b) },
but clearlya sequencdike (ab,b) € {0 ~ (a,b)} is notafirst math. ThesetB cuts
outthesequence$o ~ (b,1)}, and{o ~ (b,1,1)} U{o ~ (a,b, 1)}, which leaves

latzb]| = {o~(b)} U {o~(abb)} U {ox~(ababb)} (1)

asthe satisfyingsequencebor this first matchexpression. &

3.3.3 Fail

Continuingwith the exampleabove, the setof sequenceél) specifiespreciselythose
sequence$or which the evaluationof the temporalexpressionu = a ‘Uz b succeeds
Corversely onecanaskwhenthe expressiorfails. Thethreesequences

(@) (abab)  (b) (ab,1)  (c) (ab,ab,b,1)

arememberf the set||—u||, but only (a) is a failure accordingto the semanticf
temporale. Thisis becausdail t specifiesonly the shortestsequenceshat do not
satisfyt. Thus(b) is rejectedsincethe prefix (ab) is a failure of u, and(c) is rejected
becaust is too long—theprefix (ab, ab, b) € ||u]|.

Theformal definitionof fail t is cumbersome

def

fail t = —{t;[1..]ary} Afm (—pret)
= —{t;[1.. A= tA—{— ;1.
{t;[1..]any} p;e ! preE[ Jary}
A

but someintuition canbeappliedto thevariouscomponents:

A nosequenc¢hatsatisfiedail t canbeanextensionof asequencéhatsatisfied,
sol|fail t|| C ||={t;[1..]arv}||;

B from theset||—{t;[1..]ary}|| we mustremove all prefixesof t sincethesemight
satisfyt by definition;

C lastly, weincludeonly theshortessequencethatdeviatefrom beingprefixesof
t, hencewetake thefirstmatd of —pret (i.e.,thesetBNC).

The advantageof fail t over —t is thatit is simplerto implementfor the purposeof
propertychecking(notthatthisis obviousfrom the above definition).
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Example 3.4 The setcomplementsarisingfrom applicationof the embeddedega-
tionsin the definition of fail make computatiornof ||fail t|| far from straightforvard,
evenfor relatively simplet. Theintrepidcannevertheleswerify thatfor atomica, b:

||Ifail al| ={o~ (@} ={0:0=(s),a¢ s}
||fail {a;b}||= {0~ (@)}u{o~(ab)}
||fail at,b|| = {0~ (ab)} U{o ~ (ab,ab)} U {o ~ (ab,ab,b)}

[fail &]| = |fail [njary|| = [|fail [..]Jan/| = [[fail [..man/| = {}

Notethatfail a wasdenotedby a in the negation-freelanguage.If ||fail t|| = {} for
somet, asin thelatterexampleabove, thisindicateghatt cannotfail. Whereasarlier
we notedthat|..|ary representethetemporabpropertytrue, theemptysetof sequences
{} representtempoal false—a propertyno modelcansatisfy &

4  Sampling

In Section3 we definedarich collectionof temporaloperatorsbut omittedoneof the

moreimportantconcepts—sampling@q for eventsq € £ U {ary} called sampling
events The Sampleoperatoit @g hasto beintroducedasa primitive of thelanguage,
thus:

ti=¢|ay|al Viati | {tste} [ -t | pret | t@y

Thesyntaxt @q concealsonsiderableompleity for therearethreecasego consider
Firstly the samplingof atomicexpressionsn Section4.1 introducesa distinctionbe-
tween propositionson the one hand, and eventson the other Secondly sampling
non-atomictemporalexpressionsn Section4.3 highlightsthe ‘sampling’ effect that
theeventg hasontheexpressiort. Thisis explainedin Sectiord.2.

4.1 Atomic cases

Hithertotherehasbeennothingto distinguisheventse € ‘E from propositionsp € P.

A distinctiononly emegesin the presencef samplingevents. Givena namedevent
g € EU{ary} we considerthe caseof (a) anevente sampledat the eventq, and(b)

a propositionp sampledat g. Thedifferencein intendedmeaningbetweenhesetwo

expressionse@q and p@q respectrely, is illustratedin Figurel. In thecaseof e@q,

theoccurrencef theeventeis latcheduntil thesamplingeventoccurs(unlesshetwo

eventscoincide). For p@q the Booleanexpressionp is evaluatedwhenthe sampling
eventoccurs.
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PAQg PAQ
failure success failure success
(a) Evente sampledatq (b) Propositionp samplecatq

Figurel: Samplingatomiceventsandpropositions

It is straightforvardto interpretFigurel(a)in e

e@q ‘equals’ (end) U ((enq)V{(eAd);0q})

All componentsfthefigurearerepresentetiere. Therepeate@xpressionn thisFir st

Match Repeais (AQ). If g occursbeforeane thetemporalexpressiorfails—thisis

the only way e@q canfail. If ane occurssimultaneouslyvith g the expressionsuc-

ceeddmmediately;otherwisef the e precedeshe samplingeventwe’ll wait, perhaps
indefinitely, for the next g. Notethattheabove interpretatiorfor e@q is equvalentto

O((enq) v{(enq);0at).

To interpretFigure1l(b)in asimilarwayis simplerbecaus¢he samplingalwayscoin-
cideswith theevaluationof p:

p@q ‘equals’ 4pAOq

Theconjunctdqg succeedsnthefirst g event;thetrue matcheventuallyp in theother
conjunctsucceedsn every cycle thatp is true. So,if pistrueonthefirst occurrence
of g thenp@q succeedsandif pis falsein thatcycle thenthe expressionp@q fails.

Now the interpretationdisted above are not definitionsof the meaningof a@q. The
precisedefinitionsarenot syntactic but semanticasfollows:

le@q| = [|(eAT) U ((eAq)V{(end);0a})l| (1)
Ip@dl = [#pA0q| ()

The distinctionmay not appearo be very interesting but it turnsout thatonecannot
substitutethe expressionp@q (say)with the ‘replacement¢pA ¢qin all contexts—
in particular this substitutionis not valid in the context of anouterapplicationof the
Sampleoperator This topicis discussedurtherin Sectiord.3.
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Example4.1 It is usefulto compute|a@y|| for atomiceventsandpropositions:

le@ql| = (e9*((ed|(eq)(@*(a))
Ip@ql| = (@ (pa

(borraving againfrom the syntaxof regular expressions).In the casethatq = ary
noticethat||a@q|| = ||a|| = {o ~ (a)}, whichis consistentvith the notionthatary is
thefastestlock. Lastly, if e = ary it is easyto checkthat||e@q|| = ||| &

4.2 Samplednormal form

Thedefinitions(1) and(2) applyonly to atoms.Applying* @q’ to anarbitrarytemporal
expressions meanghatsamplingevents(or clocks)maybe nested.The syntaxt @q
is complicatedby servingtwo purposesimultaneously:

e Firstly, the*@q specifieghatthesucces®ft is latched,if necessaryuntil the
samplingeventoccurs(thisis atrailing ¢q, in effect—seeSection4.3).

e Secondlythe’' @q suppliesadefaultsamplingeventfor all subepression®f t
thatdo not supplytheirown samplingevent.

We dealwith thislatterpointwhendefiningthesemantic®f samplingby insistingthat
all subexpressionsindera samplingeventareexplicitly sampled.Thistransformation
(normalisation or clodk propagation) is carriedout by the function [[t]lq in Table5.
In mostcasesghe transformatioryjt]q just pushes

the samplingevent‘through’ the operator;the in-

€ = €&
terestingcasesare Atomand Sequencéwherethe a]]q]] _ ay@y
samplingeventis retained) andSamplatself. a]’]y q B a&
The intuition behindthe clock propagationrule tl\(jtz]]q = [ta]lqV [t2lq

samplingoperatorhasis to modify the behaiour

[
[
[
[{t; 2} q = {[tallq; [t2llq} @q is thattheeffect the %ﬁt]]q = —[t]q
[
[
[

of ; sothattransitionsover the sequencédappen ptrc?tt]]q ~ prte mqt
not on the default clock ary but on the (slower) {; f}]]q = {[t]le: [talo} @1
clock g. Thentheclausefor t @q specifieghatthe taq]q = [ty@x

outersamplingeventceases$o have immediateef-
fectonthetermandthatthe innersamplingevent
takesprecedenceThesetwo rulesindicatethat somecarehasto be exercisedwhen
applyingclock propagatiorio theoperatorglerivedfrom Sequencencludingfm t and
fail t. Theintuition is thatthe innermostsamplingeventis propagatedwhilst outer
samplingevents'stick’ to thederivedoperatorasin [[{ty;to}]q above.

Table5: Normalisingt @q

Example 4.2 Furtherintuitions can be gainedby computinga few examples. For
distincteventsa, b, x,y andz q,q # ary
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e [{ab}@q]ay = {a@g;b@a} @y
e [{ab}@yVvx) @ ]ay = ({a@q;b@q} @@Y) v (x@)
e [({ab}@qV {xy@z}) @]y = (left asan exercise).

Notethat[[arny]q = ary@x, (first matcheventuallyq). &

We saythatf & [t]ary is in samplechormalform. In eachof the abore examplesthat

computechormalformswe canalsoverify that [ ., = . In generabnecanprove

Proposition4.1 [{] ., = f for all temporalexpressions (i.e., [[-] an, is idempotent) ]
Proposition4.2 If t is asampling-freeemporalexpressiorthen||t]| = |[{||. O

Theseesultstell usthatonceanexpressiorhasbeennormalisedt remainsunchanged
if it is renormalisedandthatthesemantic®ft andf agreeif theexpressioris sampling
free. Proposition4.2 generalisegasilyto expressiond wheresamplingis applied
(only) to atomiceventsor propositionghataresubtermsf t.

4.3 Sampling non-atomic expressions

The outstandingssueis to definethe semanticof t@q for arbitraryt. Firstly, we
requirethatt@q is in samplednormalform. Secondly notethat||t|| partitionsinto
the two setsof sequenceft A 4q|| and||t A 47|| (in otherwords,eithertheeventq is
presenif, andwhen,t succeedsyr it is not present) With this intuition define

t@dl = [I(tAea)v{({tA4q);0q}] 3)

The ¢qin thefirstdisjunctensureshatif thesamplingeventcoincideswith thesuccess
of t thenthe expressiornt @qg succeeddgmmediately;otherwise(becausef the g in
thesecondlisjunct)the expressiorsucceedstthenext g.

Example 4.3 Fortheeventsa, b, andc, (3) yields

la@b@x| = ||/(a@bAéc)||U[|{(a@b/ #c);Oct]|

Theleft disjunctis thesetof sequencematching(ab) ((abc)|(ab)(b) " (bc)); theother
is left asaneasyexercise.For anotherexampleconsideyfor e € £ andp € P:

lenp)@d = [le@ql|n|pex|
Via (1) and(2) this givesall sequencematching(eg)* ((epad)|(eq) (@) (pa)). &
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Finally let us considera sampledsampledexpressionlike t@g@q for q# o and
‘sequential’termt. For theinnerterm, giventhe above definition, clearly (t A q) V
{(t A 40Q); 0q} isin samplechormalform (sincet @q andhence arein normalform).
However, the expression

((tA Q) v {(tA 40);00}) @

is notin samplechormalform. Consequentlyhesetof sequencedefinedby theabore
termdiffers,in generalfrom theset||(t@q) @{ ||. A similar caveatappliesherein the
casethatt is anatomfor

Ip@a@q || # [[(¢pAOq) @ = [[([#pAOdly) @ ||

andsimilarly if theatomis anevente.

S5 Summary

Thefull collectionof temporalconstructglefinedabove includesthe primitivesof the
languageyiz
ti=e|ay|al| Vigh | {tit} | -t | pret | t@y
andlargecollectionof dervedoperatorsThosedefinedvia SequencandDisjunction
t o= [njt | [.mt | [..]t | 6t
andthosedefinedthroughthe NegationandPrefix
t o= Aty | fmt | t1Untz | UL | Ot | failt | &

Of theseoperatorseitherfm t, —t, norpret are(directly) accessibléromtheconcrete
syntaxof temporale, while disjunctionis of coursefinitely presentedh t; \ to (infinite
disjunctionbeingallowedin therestrictedsettingof True Match).

Table 6 provides a summaryof theseoperatorstheir definitions,and the concrete
syntaxas definedby Specman. This list is not complete. Firstly, the True Match
and Fir st Match variablerepeatoperatoranay have a lower boundotherthan0: in
eithercasethe expansion[n..n+ mjt = {[n]t; [..m|t} applies.Secondlythe‘* t’ may
be omittedfrom eachof the repeatoperators—itthe expressions omitted‘* cycl e’
is assumedFor theremainingomissionsseebelow.

5.1 Transition predicatesor unnamedevents

In temporale thereare threetransition predicates. If s is a Booleanor arithmetic
expression(without loss of generality a variableor signal) thenrise(s), fall(s), and
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ConcreteSyntax | LogicalSyntax | Name Definition
cycle ary Cycle Table6

@ny ary Cycle Table3

@ e Event Table3
true(p) p Prop Table3

@@ e@q Samplel Section4.1(1)
true(p) @ p@q Sample2 Section4.1(2)
t @ t@q Sample3 Section4.3(3)
[n] *t [Nt Repeat Section3.2.3
fail t fail t Failure Section3.3.3
..o *t [..m]t TrueMatch 1 | Section3.2.4
T..1*t [..]t TrueMatch 2 | Section3.2.4
t1=>1t2 (fail t1) v {t3;t2} | Yield Table6
tporto t1 Vi Disjunction | Table3
trandts t1 At Conjunction | Table3

{t1; t2} {t1;t2} Sequence Table3
{[..mM *t1; to} | t1Unt2 FirstMatch 1 | Section3.3.2
{[..1*t1;t2} |[t1UL FirstMatch 2 | Section3.3.2

Table6: Summaryof temporale operators

changds) aretemporalexpressionsThe intendedmeaningis that,say ri se(s) @
is trueif g holds(atthe currentpoint) andeitherthe valueof s at the currentpointis
greaterthanthe valueof s atthe previous pointwhereq holds,or elseif g holdsatno
previouspointsthenthevalueof sis greaterthanits initial value.

At first sightthesetransitionpredicateposea problemif they areto fit into theseman-
tic framework establishethere.In orderto detectherise(fall or change)n thesignal’s
valueoneneedsa sequencef atleasttwo states.The resolutionof this dilemmalies
in augmentingheatoms.

First, let us definea function prev(s, q), thatcomputeghe valueof s at the previous
pointfor which q holds.If nosuchpointexists, it givestheinitial valueof s.

We canthendefinethefollowing new propositions:

RISE(s,q) £ prev(s,q)<s

def

FALL (s,q) = prev(s,q) >s
CHANGE(s.q) = prev(sq) #s
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Let
X = {RISE(s,q),FALL (5,q), CHANGE s, ) : sis asignal g € Z}

andextend 4 to PUEU X. So,we seethatRISE(s,q) is anatomno differentfrom
theatomsin in 2.

Finally, the connectiorbetween i se(s) @ of theconcretesyntaxandRISE(s,q) is
asfollows:

[rise(s)]lq = RISE(s,0)@q

[fall(s)]q = FALL (sg)@xy
[change(s)]q = CHANGE (s,q)@q

5.2 Discussion

Temporakis thusalanguagef sequencesf eventse € ‘£, andprogramstate(p € P),

sampledby events(or clocks). Sequencemay be composedn variouswaysvia dis-

junction,conjunctionandrepetition. Theuseof negationis restrictedn the(concrete)
languageo the specialcaseof fail t which hasa clearoperationainterpretationf a
rathercumbersomealenotationalbne asit is givenin Section3.3.3 fail t specifies
exactly the shortessequencethatcannotbe extendedo sequencesatisfyingt.

Disjunctionis the sourceof nondeterminisnin thelanguage&conjunction,n contrast,
is stronglydeterministic).The otherpowerful operatorof temporale is thegeneralised
until which we call ‘first matchrepeat’(Section3.3.2. Throughthis operatoiwe are

ablein eto expresshoundecandunboundeaventualitiesn a naturalway.

5.2.1 Temporal contextsrevisited

Section2.1discussedhe contetsin whichtemporalexpressiorareusedin e verifica-
tion programslt is usefulto considethow theserelateto temporale itself:

event e i s t—the eventis ‘emitted’ wheneer the (evaluationof the) temporal
expressiorsucceedsThis evaluationprocessommenceanav eachcycle. This
isapproximatedby truematcheventually: ¢t (approximatedince4t necessarily
endsin asuffix satisfyingt, buttheeventdefinitionmakesno suchcommitment).

expect t —theinformal explanationwasthatthetemporalexpressiorrepresentsn
invariant. In factthe evaluationof the temporalexpressionis evaluatedanav
on eachcycle, andwhatwe areinterestedn is thefailure of t. This makesthe
‘expect’ anapplicationof first matcheventually: ((fail t).
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In asimilarveinwai t t isasimpleapplicationof first matcheventually Thepresence
of samplingevents,however, do complicatethe above explanationsslightly.

5.2.2 Sampling @ sampling

Much of the compleity in the discussioraround||t @g|| arisesbecausef the pos-
sibility of nestedclocking events. One might well askwhethersuchcompleity is

necessaryn the propertylanguagdor a@y is alreadya powerful notion. In factthe

ability to nestclocksis of considerableitility sincethis permitsoneto sampleasubse-
guenceof alargersequenceata (notionally)fasteror slowerrate. Thusevaluationof

{...; {ab}@uqs; ... } @ ‘enters’theinner sequencevhenthe precedingexpression
succeededn qgy; thereaftetheinner{a; b} is clockedby qi, the outerclock gy being
ignoredunlessanduntil {a; b} @q; succeedsTheinsistencethat (sampled)expres-
sionsarein normalform guaranteethis behaiour.

5.2.3 Power of the negation-freelanguage

Negation-freetemporale is aninterestinganduseful propertylanguagen itself, and
indeedthesyntaxin Section3.2.2canbeaugmentedvith the Sampleoperatorsoasto
exploit nestingof samplingeventsasdiscusse@bove. Transitionpredicatesarealso
within the scopeof this subsetof temporale, asis the first matcheventually $a as
discussedn Section3.2.5

A limitation of thenegation-fredanguagen thatit doesnothave theexpressve power
to capturethe until operatorFirst Match Repeat This operatoris foundto be very
muchusedin practicein the boundedand unboundedrersions. Anotherweakness,
from a specificationstandpointwould be the omissionof theyield operator(defined
via fail in Table6). While mary applicationsof this operatorare of the form expect
(a=t)@q, andwhile ‘fail a@q maybedefinedn thenegation-fredanguagenested
applicationsof t; = to undersomesamplingeventarealsovery useful.

5.2.4 Strong eventually

In a simulationcontext first matcheventuallymustbe regardedasa weakeventuality
This is becauseimulationrunsare necessarilyinite sequencedyut evaluationof {t
would not necessarilyail if time ranoutbeforethe expressiornt hadbeensatisfied.In
temporale thereforea strongereventually’ is definedby appealingo a specialevent,
quit, whichmarkstheendof time. Then(looselyasthisis not correctundersampling)

def

eventuallyt = quitUt

is atemporalexpressiorthatwill fail unless is satisfiedoeforethe simulationends.
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A Formalities in brief

P is asetof propositionalvariables andlet p bea metavariablerangingover P.
Z is asetof events andlet e bea metavariableover ‘E.

Let 4 = P+ ‘E bethesetof atomicpropositionsandevents andleta € 4.

p w0 N PE

Let TEXP bethe collectionof all tempoal expressionsandt € TEXP begener
atedby the abstracsyntax

t = e ay|al Vigti | {tytz} | t@ | -t | pret
forae€ 4, g€ E, andwherel is someindex set.

5. A stateis anelements € 27 (equivalentlyit is avaluation — {0,1}).

6. Let o beafinite sequencés;, s, ...sy) for |o| = n > 1. Theemptysequencés
, ando; 0, is theconcatenatiorof sequences; andoy: |0102| = |01| + |02].

7. Let >* bethe (infinite) setof all finite sequencesver 27,

8. Thesemantic®ft € TEXP istheset||t|| C Z* inductively definedin Table?.

Empty | el = {}

Cycle lanyl = {o:[o]=1}

Atom al| £ {0:0=(s),acs}

Disjunction| [| Vi till = Uie [Itil

Sequence | ||{t;t2}|| £ {0:30102€ Z*. 0 = 0102, 01 € |[ta]|, 02 € ||t2]|}

Sample | [[t@qy| £ |SeeTables
Negation | |-t]| = 2|t
Prefix |lpret|| {o:30’ e Z*. 00’ € ||t||}

Table7: Semantic®f the basictemporaloperators

9. Letq e Eu{ary} beasamplingevent Thereareseveralsamplingrules (see
Table8) wherethetermt @g mustbein sampledhormalform (Table9).

10. Therearea numberof derivedoperators (seeTable10and11). Thet maybe
omittedfrom therepeabperatorsdefaultingto ‘any’ —ie., [n] < [n]ary, etc..

11. Theset? is partitionedinto two sets:propositions andtransitionpredicates If
x is avariableof someorderedypeandeis anevent,thenxy € X is atransition

def

predicateywherex ={RISE(x,e), FALL (x,e), CHANGE (x,e) : xis avariable,e € E}.
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Ip@al| = [0/ #p]|
le@d| = ||(BAT)U ((era)V{(eAT);0q})||  foreeE
[t@d = ||(tAq)Vv{(tA4T);0a}| otherwise

forpe P

Table8: Thethreesemantic®f the Samplingoperator

[€]lq = €

[allq = a@xy

[[_'t]]q = _‘[[t]]q
[{tut}lg = {[tidg [t2llq} @a

[anylq = ary@xy
[tivte]lq = [talqV[taq
[pretlq = pre[t]q
ted]a = [tlq@n

Table9: Computingthe sampledhormalformt@q from [t @q] q

vivn> 1| [n]t

vn>m>0 | [m.n]t
vm>0 || [m..]t
vn>0| [..nt

[..]t

def

def

def

def

def

{t:[n—1jt}

ViemlKIt
Vk2m[k]t
[0..n]t
0..]t

(O]t =

def

t1 UMt = fm{
U™ = fm {
tyUnt, = fm {
bhUt, = fm{

m..njty; to}
m..]ty;to}
.Njtg; to}
Lt}

Table10: DerivedFixed RepeaandTrue andFir st Match Repeabperators

FirstMatch
Fail

Conjunction
Yield

fm t
fail t

FirstMatch Eventually| ¢t
True Match Eventually| ¢t
AtomicComplement

a
1AL
L=t

def

def

tA-{t;[1.]}

(fm —pret) A—{t;[1..]}
fm {[..];t}

{[-I:t}

fail a

= (=t vV —tp)

(fail t1) v {t1;t2}

Table11: Otherderivedoperatorsfir st Match, Fail, Eventually etc.
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